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A meshfree formulation under the reproducing kernel particle method (RKPM) was introduced for
modeling the penetration and perforation of brittle geomaterials such as concrete. RKPM provides a
robust framework to effectively model the projectile-target interaction and the material failure and
fragmentation behaviors that are critical for this class of problems. A stabilized semi-Lagrangian
formulation, in conjunction with a multiscale material damage model for brittle geomaterials and a
kernel contact algorithm, were introduced for penetration modeling. In this work, the accuracy of the
meshfree impact and penetration formulation was studied using a series of large-caliber projectile
concrete slab perforation experiments with impact velocities in the ballistic regime. These experiments
were selected due to the challenging nature of concrete perforation, and the results were used to validate
the effectiveness of the proposed method to model the penetration processes and the concrete target
failure. Simulation results conﬁrm the formulation's accuracy for this type of high-rate ballistic problem
and establish a basis for extension to other types of impact problems. The results show the importance of
properly formulating the method of domain integration to maintain accuracy in the presence of concrete
fragmentation, and also highlight the method's ability to capture the fragmentation response without a
need for non-physical treatments commonly used in conventional methods.
Published by Elsevier Ltd.
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1. Introduction
Material and structural response to extreme events like explosive detonation and projectile penetration is an area of signiﬁcant
interest for the military and commercial research communities. The
scientiﬁc challenges to understand and predict the high-rate and
nonlinear response of a diverse range of protective systems necessitates robust methods to effectively model the accompanying
complex phenomena. For projectile penetration, the critical failure
mechanisms vary depending on projectile velocity, geometry, and
material properties of the projectile and target. Primary target
failure mechanisms include elasticeplastic cavity expansion, brittle
fracture, plugging, fragmentation, and petaling; while penetrators
may exhibit large deformation, fracture and hydrodynamic erosion
[1]. As a consequence, material response to the high-rate impact
loading is a crucial part of the penetration mechanics. For concrete
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in particular, the target response is reliant on the pressure dependence of material shear strength, strain softening, and strain
localization that leads to material fracture and fragmentation; large
secondary debris ﬁelds resulting from ejecta in the impact area are
common. The ability to accurately model this complex behavior is
critical for reliable analysis and optimal design of advanced protective structures.
Following World War II, vast amounts of research emerged on
the subject of impact and penetration models [2e9]; numerous
comprehensive reviews [e.g.,[4,8,9]] are available. Analytical approaches were initially developed, beginning with Bishop et al., in
1945 [2]; cavity expansion models are an important subset and
form the basis for a large class of semi-analytical techniques
[10e15]. The key shortcoming for these analytical methods is the
loss of resolution in the ﬁne-scale physics in order to make the
problem tractable. In contrast, numerical methods, if properly
validated, provide a more general framework driven by the
essential physics. Robustness in the presence of extreme material
distortion and failure, however, remains a challenge in computer
simulations. Lagrangian structured-mesh methods, like the ﬁnite
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element method, exhibit mesh sensitivity and subjectivity in the
presence of severe material deformation, which is problematic for
penetration modeling. Techniques like element erosion [16e18]
have been developed as a non-physical treatment; however, issues related to phenomenological failure criteria, contact surface
erosion, and contact surface evolution remains. In contrast, while
Eulerian ﬁnite difference and ﬁnite volume methods are more
resilient in modeling large deformation and ﬂow [19,20], their ﬁxed
grid characteristic generally produces error due to their inability to
accurately identify transient contact surfaces and free surface formation. This leads to signiﬁcant limitations when material breakup
is dominant. The constitutive description of materials during high
velocity impact is another important aspect of computational
penetration mechanics. Material models must address strong
strain-rate effects, pressure-dependent shear strength, and the
transition from initial damage to material fracture, which is only
approximately addressed by phenomenological means. Advancements are being made toward multiscale descriptions of material
failure, where behavior is described according to the fundamental
mechanics at lower scales [21e25].
Meshfree methods, in contrast to traditional mesh-based
methods, do not rely on a structured mesh topology to construct
the discrete numerical solution. As a consequence, large deformation and material separation can be naturally captured without
requiring the non-physical treatments that are required by other
approaches [26,27]. In this work we introduce a meshfree formulation for impact and penetration modeling that is constructed
under the framework of the reproducing kernel particle method
(RKPM) [28,29]. The formulation is implemented in the nonlinear
meshfree analysis program (NMAP) [30], with the purpose of
modeling projectile penetration in concrete, where damage and
fragmentation dominate the material response. A stabilized semiLagrangian formulation is utilized, where particle neighbors
evolve with the material deformation and domain integration is
accomplished at the particles, i.e., meshfree nodes, with proper
stabilization introduced [31e33]. Contact surfaces are deﬁned according to a kernel contact algorithm [34], with the beneﬁt of
naturally capturing evolutionary contact surfaces that cannot be
deﬁned a priori. For the material damage description a multiscale
material damage model is implemented [25], where continuum
scale damage is linked to microstructure fracture within a rate- and
pressure-dependent concrete constitutive model. Using NMAP, the
formulation accuracy was studied via two sets of benchmark experiments. First the code was applied to a pair of standard Taylor
bar experiments. These simulations were used to verify accuracy
and stability of the semi-Lagrangian RKPM with nodal integration
technique in the presence of large deformation, which is a prerequisite for the penetration problems that are of primary interest.
Following the Taylor bar experiments, the code was applied to a
series of concrete perforation experiments, where a large-caliber
projectile was used to perforate a set of ﬁnite thickness concrete
slabs. In these experiments the projectile exit velocity is highly
dependent on the projectile-target interaction and an accurate
description of the material failure. Results from Taylor bar and
penetration simulations were cumulatively used to verify formulation accuracy for this class of strong dynamic problems.
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The remainder of this paper is organized in the following
manner. An overview of the meshfree impact and penetration
formulation is presented in Section 2, which includes the reproducing kernel (RK) approximation, techniques for stable nodal
integration with material fracture, a natural kernel contact algorithm, and the multiscale concrete constitute model. The experimental tests (Taylor bar cylinder test and concrete slab penetration)
used for validation modeling are discussed in Section 3, and the
corresponding numerical models are described in Section 4. Section
5 presents and discusses the simulation results, and Section 6
provides concluding remarks.
2. RKPM formulation for impact and penetration modeling
2.1. Reproducing kernel approximation
In the RKPM framework the solution is approximated using a
point-based discretization, where the approximation is formed
through overlapping kernels of compact support. Because the
kernel construction is not subject to a geometric conformity
constraint, mesh dependency in the presence of large distortion is
minimized, while a Lagrangian discretization can be used to
maintain sharp resolution of material boundaries and interfaces. A
key feature of the RK approximation is enforcement of the reproducing conditions. In this way, it serves as a correction of the
smoothed particle hydrodynamics [35] approximation, which lacks
consistency.
The discrete RK approximation [29] with reference to the material coordinates, X, is

uh ðX; tÞ ¼

np
X

JI ðXÞdI ðtÞ

(1)

I¼1

where uh(X,t) is the RK approximation of u, JI(X) is the RK shape
function referenced to the Ith node, dI(t) is a set of nodal coefﬁcients
to be determined, and np is the number of nodes. The RK shape
function is constructed as a correction of the compact kernel
function, fa(XXI).

JI ðXÞ ¼ CðX; X  X I Þfa ðX  X I Þ

(2)

where continuity and locality are inherited from the kernel function. The correction function, C(X; XXI), enforces the reproducibility conditions. A useful attribute in deﬁning the approximation's
order of accuracy is that the reproducing condition can be applied
to any desired basis (such as monomials or the crack-tip displacement ﬁeld for fracture mechanics) [36], although pure monomial
bases are commonly used. Using a set of nth order complete monomials, the correction function is expressed as

CðX; X  X I Þ ¼

n
X

ðX  X I Þa ba ðXÞ ¼ H T ðX  X I ÞbðXÞ

(3)

jaj¼0

where jaj≡a1 þ a2 þ a3 , (XXI)a≡(X1X1I)a1(X2X2I)a2(X3X3I)a3,
and ba ðXÞ≡ba1 a2 a3 ðXÞ. The nth order complete basis functions are
contained in HT(XXI)

i
h
H T ðX  X I Þ ¼ 1; ðX1  X1I Þ; ðX2  X2I Þ; ðX3  X3I Þ; ðX1  X1I Þ2 ; …; ðX3  X3I Þn

(4)
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2.2. Stabilized nodal integration

The reproducing conditions
np
X

JI ðXÞX aI ¼ X a

jaj ¼ 0; 1; /; n

(5)

I¼1

are used to obtain the vector of coefﬁcients, b(X) ¼ M1(X)H(0),
where HT(0) ¼ [1,0,…,0] and M(X) is a moment matrix

MðXÞ ¼

np
X

HðX  X I ÞH T ðX  X I Þfa ðX  X I Þ

(6)

I¼1

Z

Consequently, the Lagrangian RK shape function is

JI ðXÞ ¼ H T ðX  X I ÞM 1 ðXÞHð0Þfa ðX  X I Þ

(7)

In the presence of material fracture and fragmentation, mapping
between the current and undeformed conﬁgurations is no longer
one-to-one. As a consequence, the Lagrangian approximation for
impact and fragmentation problems can breakdown [26]. Guan
et al. [26] addressed this with a semi-Lagrangian form of the RK
approximation, where the nodes follow the material points (as in a
Lagrangian discretization), but the kernel support measure is
deﬁned in the current conﬁguration, fa(xx(XI,t)). The semiLagrangian form of the RK shape function is [26].
T

JI ðxÞ ¼ H ðx  xðX I ; tÞÞbðxÞfa ðx  xðX I ; tÞÞ

Because of the lack of a conforming element topology in
meshfree methods, special attention is required for numerical
integration. Gauss integration can be used, but requires a background grid with associated high computational cost or large
integration error due to lack of correspondence between the
meshfree kernel support and integration subdomains [37]. Techniques for direct nodal integration are an attractive alternative as
long as stability is appropriately addressed [31,32,38e40]. Consider
the Galerkin weak form of the equation of motion

(8)

An example of the Lagrangian and semi-Lagrangian kernel
supports is shown in Fig. 1. The initial conﬁguration in Fig. 1a undergoes a deformation, where the nodes follow the material points.
In Fig. 1b, the Lagrangian kernel description causes the support to
deform with the material, so that the set of neighbors contained in
the kernel of node I remains the same before and after deformation.
Alternatively, the semi-Lagrangian kernel, shown in Fig. 1c, is
deﬁned in the current conﬁguration so that the kernel support is
independent of the deformation. An important consequence of the
semi-Lagrangian kernel support measure is that nodal neighbors
are re-associated during deformation, which is key to the kernel
contact algorithm discussed later.

U

€ h dU þ
rwh $u

Z

Z
  
 
ε wh : s ε uh dU 
wh $bdU

U

Z

U

h

w $tdG ¼ 0



(9)

Gh

where r is density, wh and uh are test and trial functions, ε is strain,
s is stress, Gh is the natural boundary, and b and t are body forces
and surface tractions, respectively. Chen et al. [31,32] introduced a
stabilized conforming nodal integration (SCNI) where gradients are
approximated through a gradient smoothing operator

Z
 


~εI uh ¼ ð1=VI Þ
ð1=2Þ uh 5n þ n5uh dG

(10)

vUI

where vUI is the boundary of an integration sub-domain UI (reference Fig. 2) corresponding to the Ith node, n is the outward normal
to the cell boundary, VI is the strain smoothing cell volume, and ~εI is
the smoothed nodal strain. When this strain approximation is
introduced to a direct nodal integration of Eq. (9), spurious zero
energy modes are avoided, the linear patch test is satisﬁed, and
computationally efﬁciency is achieved since state and ﬁeld variables are carried at the nodes [31]. SCNI is constructed on a conforming integration cell topology as shown in Fig. 2a, and is well
suited for large distortion problems such as metal forming or rubber material deformation. However, the topologic structure in SCNI
is difﬁcult to maintain in the presence of material fragmentation,
which is typical during concrete penetration. Accordingly, an
alternative form, known as stabilized non-conforming nodal integration (SNNI), was also developed [32]. SNNI is constructed
similarly to SCNI, but the conforming requirement on the
smoothing cells is relaxed. A simple strain smoothing cell structure
that is centered on the nodal material coordinate can be used
(reference Fig. 2b), which provides an effective and efﬁcient integration approach for problems involving material separation. A
correction of SNNI to achieve optimal convergence has recently
been proposed based on a variational consistency [41].
For these nodal integration techniques, under certain conditions
spurious non-zero energy modes can still be activated due to loss of
coercivity [33,42]. To correct for this condition, stabilization is
introduced so that numerical integration of the internal force
vector takes the form

Z  
np
  
 
  
X
~εI wh : s ~εI uh VI
ε wh : s ε uh dU ¼
U

I¼1
np X
K
 
  
  i
h  
X
~ : ~ε uh  ε uh V
:C
þ
a ~εI wh  εJ wh
I
J
J
I¼1 J¼1

(11)
Fig. 1. Kernel support measure, a) initial conﬁguration, b) Lagrangian kernel description, and c) semi-Lagrangian kernel description.
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Fig. 2. Integration cell topology, a) SCNI conforming strain smoothing cells, b) SNNI non-conforming strain smoothing cells.

~ is the consistent tangent modulus and a is a stabilization
where C
parameter ranging from 0 to 1 [42]. On the right hand side of Eq.
(11), the ﬁrst term is the standard internal force vector integration
obtained by SCNI or SNNI. To provide the stabilization necessary to
recover coercivity, the Ith integration cell is divided into K subdomains, and the second term in Eq. (11) is summed over these
subdomains. The term εJ is the strain computed at the subdomain
centroid; the subdomain volume is VJ. Meshfree integration
enriched with this additional stabilization is referred to as modiﬁed
SCNI (M-SCNI) and modiﬁed SNNI (M-SNNI) [42].

2.3. Kernel contact algorithm
Multi-body contact is an essential aspect of impact and penetration problems, where the contact surfaces between penetrator
and target evolve during the penetration process. Debris ﬁelds due
to fragmentation are also typical and create an additional set of
evolutionary contact conditions; this is especially true for brittle
materials like concrete and can be particularly important when
considering the effects of secondary debris on behind-target objects. In general, these contact conditions cannot be deﬁned a priori,
so it is important that methods for computational penetration
mechanics be equipped to model them in a natural way. There are
three important issues to be addressed, which are identiﬁcation of
the contact condition, enforcement of the impenetration
constraint, and description of the contact forces between the
bodies. These deﬁne the essential kinematic and kinetic constraints
for the contact-impact problem [43].
Traditional contact algorithms generally involve the a priori
deﬁnition of contact surfaces (master and slave surfaces) and rely
on penalty or Lagrange multiplier techniques to enforce kinematic
constraints [44e49]; other algorithms towards efﬁciency in contact
constraint enforcement have also been developed, e.g. Refs. [50,51].
Because of the ease in re-association of nodal neighbors in the
meshfree framework, methods like RKPM provide new opportunities to naturally model evolutionary contact conditions. Guan
et al. [26] and Chi et al. [34] utilized the update of nodal interactions
that results from the semi-Lagrangian RK approximation to automatically detect the contact of different bodies and naturally
enforce the impenetration condition. This technique is referred to
as a kernel contact algorithm and is used in this application for
concrete penetration. The semi-Lagrangian kernel travels with the

same parent node during deformation, but its spatial measure is
deﬁned in the current conﬁguration where the nodal neighbors
evolve (reference Fig. 1); this provides the reference of contact
conditions. The implication for contact detection is that as a body
(Body A in Fig. 3) comes into contact with another (Body B in Fig. 3),
the semi-Lagrangian kernel naturally detects the contact condition
as the nodes from one body pass into the kernel support of a node
in the other. Furthermore, the interaction forces between the
bodies are naturally induced due to the overlapping kernels associated with nodes on Bodies A and B. This leads to an impenetration
condition without additional treatment. The internal force, fI, at
node I induced by the neighboring contacting nodes is [26,34].

fI ¼

X

T   
BI xJ sc xJ VJ

(12)

J2NIc
T

where BI ðxJ Þ is the smoothed gradient from SCNI or SNNI, sc(xJ) is
the
contact
stress,
VJ
is
the
nodal
volume,
NIc ¼ fJjfa ðxI  xJ Þs0; xJ 2GI or G*I g, GI is the set of all nodes in
b $sc ðxJ Þ$ n
b < 0g, and n
b is the
the body containing xI, G*I ¼ fJjxJ ;GI ; n
unit normal vector to the contact surface. The condition
b $sc ðxJ Þ$ n
b < 0 indicates compression and ensures that contact
n
forces are developed only when the surfaces are in a state of
compressive contact. The contact stress, sc(xJ), is determined according to a Coulomb-type friction law.
Contact forces between the bodies are deﬁned according to a
friction-like elastic-plastic material law applied between the contact surfaces [26,34]. The behavior is assumed to follow similar to a
plasticity law, where the yield function f(t) and KarusheKuhneTucker conditions are [34].

s 11  0
f ðtÞ ¼ ktk þ mf b

(13)

e_ ¼ gðvf ðtÞ=vtÞ

(14)

g0

(15)

gf ðtÞ ¼ 0

(16)

The yield function in Eq. (13) describes a stick-slip condition that
s 13 
follows similar to the Coulomb friction law, where t ¼ ½ b
s 12 b
is the tangential traction at the contact surface deﬁned in a local
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Fig. 3. Natural kernel contact detection, a) approaching bodies before contact, b) nodal interaction via semi-Lagrangian kernel after contact.

b 11 is the local compressive traction, mf is the
coordinate system, s
coefﬁcient of friction, and the local coordinate system is deﬁned
according to the contact surface outward normal. In Eq. (14)e(16) e_
is the tangential strain rate that describes the dynamic slip between
the bodies and g is the consistency parameter. Details of implementation of the natural contact algorithm which introduces the
friction law in the form of an equivalent plasticity model can be
found in Ref. [34].
Calculation of the contact forces requires a determination of the
outward normal at the interface, which is not readily available in a
meshfree framework where there is no element or cell topology to
deﬁne the surface. Chi et al. [34] and Chen et al. [52] developed an
algorithm that utilizes the level set method [53] to approximate the
contact surface location and as a consequence deﬁne the surface
outward normal. This approach utilizes the zero level set of a
function, z(x), deﬁned according to the semi-Lagrangian shape
function

zðxÞ ¼

X

JI ðxÞCI

(17)

I2N A ∪NB

where NA represents the group of nodes in Body A (NB is deﬁned
similarly), JI(x) is the semi-Lagrangian shape function from Eq. (8),
and CI is a function deﬁned as


CI ¼

1 I2N A
1 I2NB

(18)

The contact surface is deﬁned as the locations where z(x) ¼ 0,
which are obtained by numerical techniques [34,52]. As a consequence, the outward normal is approximated by

b ¼ VzðxÞ=kVzðxÞk
n

(19)

which is also numerically obtained [34,52].
2.4. Multi-scale concrete constitutive model
Many of the challenges in concrete penetration modeling are the
result of shortcomings in the constitutive description. Various
forms of phenomenological models are commonly used, but most
often they lack a rigorous description of the fundamental response
mechanisms. This is particularly true for the process of concrete
damage, which is dominated by microstructure fracture. In order to
work towards a more fundamental description of concrete failure, a
multi-scale enhancement of the Advanced Fundamental Concrete

(AFC) model [54] was used to model the concrete targets in this
study. The AFC model, developed by the U.S. Army Engineer
Research and Development Center (ERDC), is a three-invariant
plasticity model that includes hydrostatic crushing, material
yielding, plastic ﬂow, and damage effects. The damage function was
enhanced through a multi-scale calculation [25], where microstructure fracture was explicitly modeled in a microcell, and free
energy equivalence was used to derive a corresponding damage law
for the continuum. This resulting damage law, known as a
microcrack-informed damage model (MIDM), was embedded into
the AFC model.
The experiments analyzed in this work used a concrete known
as WES5000 that was developed by ERDC; an AFC material ﬁt was
developed by Adley et al. [54] and was used in this study. One of the
key behaviors described by the AFC model is concrete's nonlinear
response under hydrostatic compression, which is important when
considering the large pressures generated in the impact region. As
shown in Fig. 4, the hydrostatic behavior is assumed to consist of
three response modes that describe the transition from initial
elastic compression to a fully crushed and compacted material. The
ﬁrst response mode is the low-pressure elastic portion, where
pressure, P and volumetric strain, m, are related through the material bulk modulus, Kbulk. This elastic response extends to an
experimentally determined initial crushing pressure (approximately 55 MPa for WES5000), which is deﬁned in the model by two
constants, C6 and C7, that are the initial crushing pressure and initial
crushing volumetric strain, respectively.

P ¼ Kbulk m

m  C7

(20)

The second response mode is nonlinear crushing given by

P ¼ K1 m þ K2 m2 þ K3 m3

(21)

where K1, K2, and K3 are material constants. The nonlinear region
extends to a point where the material is assumed to be fully
crushed and the internal voids are collapsed to the maximum
extent possible. At the end of nonlinear crushing the material is
assumed to reach a so-called “locked state,” where the crushed
particles are locked together and resistance to any further volumetric compression increases signiﬁcantly. In the model, locking
occurs at the point deﬁned by a locking modulus and locking strain,
C8 and C9 respectively, beyond which, the response is assumed to
behave linearly according to the locking bulk modulus. Upon
unloading in the linear locking region, the response follows the
same locking modulus.
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Fig. 4. The AFC hydrostatic ﬁt for WES5000 concrete.

The rate-dependent shear failure surface in the AFC model is
deﬁned according to two functions, one for compression and one
for tension. The compression failure surface is



¼ C1  ðC2 þ ðC1  C2 ÞdÞeAn I1  C4 I1 ð1 þ C3 lnð_εn ÞÞ;
(22)

500

100 s-1
0.001 s-1
400

Principal Stress Difference (MPa)

comp

SY

where C1, C2, C3, C4, and An are material constants and d, I1, and ε_ n
are damage parameter, ﬁrst stress invariant, and a normalized
strain-rate, respectively. Fig. 5 shows the compression failure surface for loading at both a quasistatic (0.001 s1) strain rate and a
strain rate of 100 s1; the model's rate dependence is observed. The
tensile failure surface is deﬁned by

300

200

100

0
0

100

200

300

400

500

Pressure (MPa)
Fig. 5. AFC rate-dependent failure surface for WES5000. Two strain rates given to show the variation in strain rate response.
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Stens
¼ ðC1  ðC2 þ ðC1  C2 ÞdÞÞð1 þ C3 lnð_εn ÞÞðTmax  I1 Þ=Tmax ;
Y
(23)
where Tmax is the maximum allowed pressure in tension and d is
the same damage parameter as used in Eq. (22). The AFC model also
considers a modiﬁcation of the failure surface for behavior in
extension. The extension failure surface is determined by using the
third stress invariant to calculate the Lode angle using a WillameWarnke Lode function [55] which gives a reduction factor that
is multiplied by Eq. (22). A ﬁnal constant in the failure surface
deﬁnition is C5, which limits the failure surface to a maximum
allowable principal stress difference.
According to Eq. (22) and Eq. (23), tensile and compression
failure in the AFC model are described according to a single damage
parameter, d, that is deﬁned as


X Dεp
Dmp
d¼
þ
I1 D1 1:5C9

d ¼ minðd; 1:0Þ

(24)

where D1 and C9 are material constants, and Dεp and Dmp are the
increments in effective deviatoric plastic strain and plastic volumetric strain, respectively. A shortcoming of this description is that
the damage evolution is purely phenomenological according to
these plastic strains. Microstructure failure mechanisms, such as
microcracking, are not accounted for in the model, although they
provide a more accurate description of the material damage.

a function of the microcrack opening displacement, which is
modeled explicitly in the microcell model.
To relate the microcell fracture to a two-scalar continuum
damage model [57], consider






J
J ¼ 1  d þ Jþ
þ
1

d
0
0

where dþ and d are the damage parameters for tension and shear,
respectively, and the free energy terms are deﬁned according to the
signs of the eigenvalues in the principal stress space [25]. The term
J0 is the free energy corresponding with the undamaged continuum. Considering the ClausiuseDuhem inequality of thermodynamics and
±
J±
0 ¼Y

(28)

where Y± are the damage energy release rates, the microscaleinformed tensile damage is obtained using Eq. (27) and Eq. (28)

dþ ¼ 1 

vJ
DJ
z1 
vY þ
DY þ

1
Jε ¼ s ε : e ε
2

(25)

where sε and eε are the microcell stress and strain, respectively. The
microcell HFE is related to the homogenized macroscale HFE, J, by

0
1 B
J¼
@
Vy

Z
Uy

1
Jε dU þ
2

Z

1
C
uε $hdGA

(26)

(29)

which can be evaluated numerically [25]. Using this approach, a
tensile damage versus homogenized continuum strain relationship
was determined for use in the WES5000 AFC model, as shown in
Fig. 7. Letting dþ≡dt, the AFC tensile failure surface is modiﬁed as

Stens
¼ ðC1  ðC2 þ ðC1  C2 ÞdÞÞð1 þ C3 lnð_εn ÞÞðTmax ð1  dt Þ  I1 Þ=ðTmax ð1  dt ÞÞ
Y

Therefore, in order to improve the description of material failure a
bi-scalar damage model was introduced, where shear damage was
calculated using Eq. (24) and tensile damage was calculated using
the MIDM. The tensile damage portion of the model was chosen for
enhancement because of the signiﬁcant impact that tensile failure
can have during the penetration process of brittle materials. This biscalar damage form of the AFC model was originally proposed by
Roth et al. [56].
The essential idea of the MIDM is to relate continuum damage to
microstructure failure via energy-based bridging between scales
[25]. With reference to Fig. 6, a representative microcell with
domain Uy is assumed to contain microcracks with crack surfaces
Gc and cohesive traction, h (assuming a cohesive crack law). Failure
of the microcell due to crack propagation is modeled according to
the fracture mechanics, and the Helmholtz free energy (HFE) of the
cracked microcell, Jε, is obtained as

(27)

(30)

so that the failure function is enriched with the microscale-driven
behavior. Fig. 8 shows a comparison of the original AFC model tensile
behavior with that of the AFC model using the MIDM enhancement.
The original AFC model tensile behavior has a sharp discontinuity
with no ability to capture material softening, which is a major
shortcoming for simulations where tensile failure is a dominant
response mode (as in concrete slab perforation). In contrast, the
MIDM-enhanced model provides a more realistic softening branch
that is guided by the microstructure conditions. The AFC model
constants for the WES5000 material are listed in Table 1.
2.5. Penetrator and cylinder material model
For modeling the metals in this study, a simple J2 plasticity
model with isotropic hardening was used. The material model
constants are shown in Table 2, where the 4340 steel is used for the
penetrator in the concrete penetration models and the 1090 steel
and aluminum 6061-T6 were used in the benchmark Taylor bar
tests to verify the proposed RKPM formulation. For the Taylor bar
tests, both the 1090 steel and aluminum 6061-T6 exhibit only a
small amount of hardening. Consequently, the behavior is simpliﬁed to an elastic-perfectly plastic response using the yield
strengths reported in Wilkins and Guinan [58].
3. Veriﬁcation experiments

Gc

where Vy is the microcell volume and uε is the microcell displacement ﬁeld [25]. In Eq. (26), the free energy of the homogenized
continuum is a function of the microcell stress and strain and is also

3.1. Taylor bar experiments
Taylor bar cylinder experiments [58] are commonly used tests to
validate the performance of numerical methods for large
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Fig. 6. Homogenization of microcell with ﬂuctuating ﬁelds [51]; a) cracked microcell, b) homogenized continuum.

deformation solid dynamics. The Taylor bar test involves a short
cylindrical rod impacting an anvil, i. e. near-rigid boundary, at
sufﬁcient velocity to induce large plastic ﬂow in the contact region
of the rod. Plastic strains may reach 200% or more, so that the test is
an excellent measure of the ability to model large material deformations. Because of the relatively straightforward nature of the
experiment and the deformation mode in the rod, the Taylor bar
tests are widely used for method validation. For the RK impact and
penetration formulation studied here, the Taylor bar experiment
provides the opportunity to assess performance of the RKPM
formulation with SNNI nodal integration and stabilization techniques in the presence of a large distortion problem. Furthermore,
because the experiment is conducted by impacting the cylinder
against the rigid anvil, it also provides the opportunity to test
performance of the kernel contact algorithm. Validation of the
formulation performance against these reasonably controlled experiments is used here as the basis for extension to the more
complicated problems of large caliber concrete penetration, which

is the primary application of interest. For these Taylor bar simulations, the experiments from Wilkins and Guinan [58] were used to
guide the numerical simulations. Wilkins and Guinan [58] performed a number of Taylor bar tests for different metallic materials
including 1090 steel, aluminum 6061-T6, and many others. The
setup of these tests is shown in Fig. 9. For the numerical simulations, the experiments with 1090 steel and aluminum 6061-T6 at
velocities of 361 m/s and 373 m/s were selected. For both experiments, the initial length of the Taylor bar was 23.47 mm and the
diameter was 7.62 mm. Both the bar and the rigid anvil were
modeled to assess the deformation in the bar and also provide a
measure of the contact algorithm performance.
3.2. SAP perforation experiments
The concrete perforation experiments by Cargile [59] were used
in this study to assess performance of the RKPM impact and
penetration formulation in the presence of complex penetration

1

Tensile Damage, dt
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Fig. 7. Microcrack-informed tensile damage evolution function used for WES5000.
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Fig. 8. Comparison of original AFC tension response to the AFC MIDM tension response.

processes. The experiments consisted of cylindrical unreinforced
concrete (WES5000) slabs with a nominal unconﬁned compressive
strength of 38.2 MPa. Further details of the WES5000 concrete
targets can be found in Cargile [59]. The concrete slabs had a
diameter of 1.52 m with thicknesses of 127 mm, 216 mm, and
257 mm. The three different thicknesses were selected to challenge
the numerical simulation by providing three distinct target

response behaviors as described by Cargile [59]. The ﬁrst thickness,
127 mm, is a thin slab that offers minimal resistance to the projectile, so that velocity reduction is largely governed by momentum
exchange between projectile and target. The second thickness,
216 mm, is a moderate thickness slab so that the target strength
and projectile-target interaction have a more signiﬁcant effect. The

Table 1
AFC model constants for WES5000.

V
D

Taylor Bar
L0

Fig. 9. Setup of Taylor bar cylinder test where L0 is the initial length, D is the diameter,
and V is the initial velocity.

84.24

127

2267
6892.7
501.05
476.3
0.01
0.1
516.95
55.14
0.0025
68,237
0.25
4248.3
6196.5
68,237
0.0006
0.00324
2.47

0

Value

Density (kg/m3)
Shear modulus (MPa)
C1 (MPa) e Failure surface constant
C2 (MPa) e Failure surface constant
C3 e Failure surface constant
C4 e Failure Surface Constant
C5 (MPa) e Failure surface constant
C6 (MPa) e Pressure where crushing begins
C7 e Volumetric strain at crushing
C8 (MPa) e Locking modulus
C9 e Volumetric strain at locking
K1 (MPa) e Hydrostatic compression constant
K2 (MPa) e Hydrostatic compression constant
K3 (MPa) e Hydrostatic compression constant
D1 (MPa1) e Damage constant
AN (MPa1) e Failure surface constant
Tmax (MPa) e Maximum allowable tensile pressure

R15
2.4

Parameter

355.60

52.07

78.6
0.33
420
0
2700

50.80

39.37

50.80

Al 6061-T6

205
0.29
1200
0
7860

43.64

1090 Steel

205
0.26
1750
1000
7860

3.9

4340 Steel

Young's modulus (GPa)
Poisson's ratio
Yield stress (MPa)
Hardening modulus (MPa)
Density (kg/m3)

R1

Parameter

7

Table 2
J2 plasticity model parameters for metals in this study.

3.58

Fig. 10. Dimensions of SAP projectile. All dimensions are in millimeters.
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last thickness, 254 mm, is a relatively thick slab that is approaching
the perforation limit of the projectile at 313 m/s. In this case the
projectile is nearly stopped by the slab, so that strength and
interaction effects are of signiﬁcant importance. The projectile used
in the study was a semi-armor piercing (SAP) projectile illustrated
in Fig. 10. The SAP projectile was launched from an 83-mm diameter gun at an approximate velocity of 313 m/s for all experiments.
The projectile was composed of a heat treated 4340 steel casing and
an inert ﬁller (typically sand). Due to the large difference in
strengths between the projectile and target, the projectile experienced little deformation.
As a consequence of the different types of observed target
response modes, the simulations provide a good test of formulation
performance across a range of conditions. The contact detection
algorithm is exercised as a result of the evolving contact surfaces
between the penetrator and target, where an accurate representation is crucial to accurately model the effects of penetrator-target
interaction. Fracture and debris formation is also an important
aspect of the target behavior, where the concrete damage localizes
in two different brittle failure mechanisms. The ﬁrst mechanism
occurs in the immediate vicinity of the impact zone, where the
concrete material is crushed and pushed out of the way of the
penetrating projectile. Fracture and debris formation on the impact
and exit faces is the typical result. The second failure mechanism is
the formation of radial cracks that grow in the far-ﬁeld regions
away from the penetration zone. These types of deformations and
failure mechanisms are challenging to capture in numerical
models, and therefore provide good tests of this method's overall
ability to capture dynamic, brittle material failure.
4. Numerical model
The RKPM impact and penetration formulation was implemented in NMAP [30]. NMAP is a parallel, three-dimensional,
explicit RKPM-based code developed for the dynamic analysis of
linear and nonlinear solid mechanics problems. The code implements Lagrangian and semi-Lagrangian RK approximations that are
selectable by the user based on the problem being modeled. An
updated Lagrangian framework is used to model geometric and
material nonlinearity, and objective stress calculations are ensured
by use of the HugheseWinget algorithm for stress update [60].
Spatial integration is performed using either SCNI [31] or SNNI [33]
and can be selected by the user based on the problem requirements. The stabilized integration techniques, M-SCNI and MSNNI, based on Chen et al. [33] are also included as options. Time
integration is performed using Newmark time integration, and the
integration constants can be speciﬁed for desired accuracy. Multibody contact is modeled using the kernel contact algorithm,
where the normal and tangential contact forces are computed according to the Coulomb-type material law. The outward normal at
the contact interface can be computed according to the directional
vector between paired nodes or using the level set technique, both
of which are available as user selectable options.

105

condition. A small amount of friction between the Taylor bar and
the anvil was used in order to better capture the contact condition
and its effect on the bar deformation. The J2 plasticity model was
used to model the metals, with constants as shown in Table 2. Both
the steel and aluminum experiments were modeled at their
respective initial velocities and the simulations were allowed to run
until the bar began to rebound from the rigid plate.
4.2. SAP perforation model
The SAP perforation model consisted of the SAP projectile ﬁred
at the WES5000 concrete targets with the speciﬁed thicknesses.
Deformation of the projectile ﬁll and its interaction with the casing
was not a focus of this study, so the projectile was simpliﬁed by not
explicitly including the ﬁll shown in Fig. 10. Instead, the ﬁll mass
was incorporated into the steel casing by increasing the density of
the steel so that the projectile had the correct overall mass. Because
the experimentally-observed projectile deformation is very small,
this was not expected to have an impact on results. With the
additional mass incorporated into the steel casing, the density of
the casing was increased from 7860 kg/m3 shown in Table 2 to
11,248 kg/m3, which preserved the overall projectile mass.
The three different WES5000 target thicknesses of 127 mm,
216 mm, and 254 mm, were discretized with approximately 47,000
nodes, 67,000 nodes, and 77,000 nodes, respectively. Additionally, a
higher reﬁnement model of approximately 152,000 nodes was
included in the 127 mm case in order to demonstrate the effects of
mesh reﬁnement. This resulted in a low resolution model of 8
nodes through the 127 mm target thickness and 13 nodes through
the higher resolution thickness. The semi-Lagrangian RK approximation was used with the M-SNNI integration due to the large
amount of fracturing present in the perforation event. The kernel
contact algorithm was also used in conjunction with the level set
outward normal detection to model the multi-body contact. The
SAP projectile used in all the simulations was discretized with 4825
nodes, and the initial velocity was 313 m/s as described in section
3.2. Each simulation ran until the SAP projectile exited the back side
of the slab, and then the simulation was stopped.
5. Results and discussion
5.1. Taylor bar
Two sets of Taylor bar simulations were performed. In the ﬁrst
set the aluminum Taylor bar was modeled, where SNNI and M-SNNI
results were compared to assess their performance in the presence

4.1. Taylor bar model
The Taylor bar model consisted of a cylinder with the dimensions discussed in section 3.1 ﬁred at a rigid plate for the bar to
impact. The cylinder was discretized with approximately 22,000
nodes. The semi-Lagrangian RK approximation was used along with
the SNNI and M-SNNI techniques for weak form integration. The
original and modiﬁed SNNI were used in order to compare stability
of the integration techniques for this type of large deformation
problem. The kernel contact algorithm with the level set-based
outward normal calculation was used to model the contact

Fig. 11. Plastic strain contours for a) SNNI and b) M-SNNI simulations of the aluminum
Taylor bar test.
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of large plastic deformations. Fig. 11 shows the comparison between SNNI and M-SNNI for the bottom of the deformed bar. The
particles from the NMAP simulation were post-processed to superimpose an element structure on the nodal discretization in order to highlight the differences in the computed deformations.
Fig. 11a clearly shows the emergence of the spurious non-zero
energy modes in the SNNI simulation, which manifest themselves
as hourglass-like deformation modes throughout the bar. The SNNI
results also showed localized regions of higher plastic strain, with a
maximum magnitude of 3.75. In contrast, the deformation and
plastic strain in the M-SNNI results were much more uniform, with
a maximum plastic strain value of 2.98. Although the experimental
strain values are not known, based on the computed deformations
the M-SNNI results are expected to be more accurate, so that the
SNNI maximum plastic strain was an approximate 25 percent
overshoot. A difference in the deformed shapes at the edge of the
bar was also observed. In the SNNI case a substantial lip exists on
the outer edge that is not present in the experimentally-observed
deformation. The M-SNNI method provided a more uniform and
realistic deformation at the bar's edge. Finally, the computed diameters of the deformed bars differed, with a ﬁnal bottom diameter
for the SNNI simulation of 16.26 mm and a ﬁnal M-SNNI diameter
of 15.68 mm. Based on these results, M-SNNI was determined to be
more accurate and was therefore used for all other simulations
herein.
The second set of Taylor bar simulations modeled the aluminum
and steel cylinder impacts, with results shown in Fig. 12. In both of
these simulations only the M-SNNI feature was used so that the
spurious SNNI response modes were avoided. The kernel contact
algorithm was used, and the results showed that it accurately
captured the contact conditions between the bar and rigid surface.
The two experiments showed similar results for ﬁnal length, even
though the materials have different densities and strengths; this
was accurately captured in the numerical results. Table 3 displays a
comparison of the ﬁnal length ratio for both the aluminum and
steel bar tests. NMAP did an adequate job of matching the experimental results of both Taylor bar tests. The minimal difference
between the experiment results and the NMAP simulations is
attributed to the material models used, where a more robust model
with more accurate plasticity and damage description may further
close the gap between the experimental and the numerical results.

Table 3
Ratio of initial to ﬁnal lengths for experimental and modeled Taylor bar cylinder
tests.

Aluminum
Steel

NMAP ﬁnal length ratio

Experiment ﬁnal length ratio

0.724
0.7285

0.703
0.696

each target. For the thinner target, the damage area is localized
since the material fails quickly because of the proximity of the free
back surface. The general trend from Fig. 13 is that, with increased
target thickness, the model predicts a larger damaged area. This is
consistent with the expected experimental damage patterns,
because as target thickness increases, more of the projectile's energy is absorbed and produces larger damage zones. These observations validate the formulation's ability to model the penetrationinduced damage for this type of problem. One feature that was
missing from the lower resolution models was clear localization of
radial cracks, where the higher resolution model of the 127 mm
slab thickness displayed localization of radial cracks. Fig. 14 shows a
comparison between the lower resolution model and the higher
resolution model from the top and bottom of the concrete slab.
Only the damage values between 0.15 and 1.0 are shown in order to
show the dominant damage features of these two simulations. For
an additional comparison of the 127 mm case, the velocity histories

5.2. SAP perforation
The results of the three lower resolution SAP projectile simulations are shown in Fig. 13 at the point when the projectile exits

Fig. 12. Plastic strain contours for M-SNNI Taylor bar cylinders tests of a) aluminum
and b) steel.

Fig. 13. Damage contours for SAP perforation low resolution models with thicknesses
of a) 127 mm, b) 216 mm, and c) 254 mm. Note that some of the particles were
removed for clarity.
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Fig. 16. Damage contours for 127 mm high resolution simulation with the debris ﬁeld
and ejecta shown. The included arrow points toward a cluster of nodes that represents
a sizable piece of concrete that has broken off the slab's back face.

Fig. 14. Top and bottom face damage contours comparison for both the low resolution
and high resolution model of the 127 mm case.

of the low and high resolution models are shown in Fig. 15 along
with the experimental result. Fig. 15 also includes the 127 mm
simulation data from the recent work of Sherburn et al. [61] which
used a coupled EulerianeLagrangian approach to model the same

experiment. These results show that the predicted projectile exit
velocity in the higher resolution model reasonably matches with
the experimental and is higher than that from the coarser model,
which is expected based on more accurate capture of the strain
softening failure mechanism. An important strength of the meshfree method is its ability to naturally capture the debris ﬁeld off the
slab back face and the ejecta off the front face that is generated as a
penetrator impacts the target. Fig. 16 depicts an emerging debris
ﬁeld from the 127 mm high resolution model. From both the debris
ﬁeld and ejecta, larger pieces of concrete can be seen breaking off
the target in the form of clusters of nodes. These represent blocks of
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Fig. 15. Velocity time histories for the low and high resolution models compared to the experimental result. The analogous 127 mm simulation result from Sherburn et al. [61] is
also included.
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Fig. 17. Velocity time history of the SAP penetrator for the three different slab thicknesses.

material that are fractured off the main slab. The ability to accurately capture this aspect of target failure is important for these
problem types, particularly when considering effects like behindarmor debris ﬁelds and their impact on secondary targets. This is
not well captured in traditional Lagrangian methods where techniques like element erosion are required, nor in Eulerian methods
where the fragmented material tends to be smeared. Another point
of comparison between the low and high resolution model is the
hole shape and the damage zone around the impact zone. As shown
in Fig. 16 both resolutions have a similar hole size, with the higher
resolution model having a slightly larger hole size. In terms of
damage zone comparison the lower resolution model has a slightly
larger damage zone than the higher resolution model. As expected,
the SAP projectile experienced little deformation during the
penetration event in all three thickness scenarios. Fig. 17 displays
the SAP projectile's velocity-time history for each of the low resolution simulation and includes the respective experimental ﬁnal
velocity for trend comparisons. Over the thickness range, the NMAP
simulations captured the trend of the experimental results
reasonably well. A direct comparison of the experimental and
NMAP low resolution simulation results is shown in Table 4.
Considering change in velocity, the greatest variation between
experimental and NMAP results came from the 254 mm thickness,
which had a difference of 6.9%. Considering change in kinetic energy, the 127 mm NMAP simulation had the greatest difference of
8.1%. A ﬁnal point of comparison between the experiments and the
low resolution simulations is the impact and exit craters patterns
computed after the projectile exited the targets, which are shown
in Fig. 18. In all three cases the simulated impact craters matched
the experimental results reasonably well, especially considering
the heterogeneous nature of the concrete. There was somewhat
greater deviation for the exit crater predictions. Achieving an exact
match to the exit crater shape is difﬁcult, and a further improved
tensile damage evolution relationship may improve the match.
One of the difﬁculties of numerical simulation of concrete is its
inherent stochastic nature. The experiments performed by Cargile
[59] only included the results of a few tests for each thickness, but

these contained inherent variation due to the concrete's stochastic
mechanical response. The simulations however are deterministic,
and do not capture this effect. Concrete is a non-homogeneous
material made up of aggregates of various sizes, cementitious
paste, and air voids. Some microcracking will always be present as
an artifact of the curing and drying processes. The MIDM helps
bridge the scales by homogenization of the microcell problem to
the macroscale simulation, but the variation that occurs in the
material is not captured using the current form. Work towards the
inclusion of stochastic material microstructure variation into the
MIDM has been performed [62] and is considered for future
implementation into the NMAP code.
6. Conclusions
In this work an RKPM-based impact and penetration formulation was presented, which was implemented in the UCLA-UCSD
and ERDC developed NMAP code. Several key features for meshfree concrete penetration modeling were introduced, which
included a robust technique for domain integration, natural kernel
contact, and a multi-scale damage model to describe the concrete
failure. The accuracy of this formulation was studied for largecaliber projectile penetration into concrete slabs, where mechanisms such as evolutionary contact and concrete fracture are critical elements to capture in the numerical model. To address the
issue of meshfree domain integration in the presence of material
fragmentation, SNNI was implemented into NMAP. This meshfree
integration technique, which uses a simple integration cell topology that can easily move with separating materials, was ﬁrst validated for a series of Taylor bar impact tests. Numerical experiments
showed that the SNNI implementation in NMAP was able to
accurately model the large deformations measured in the experiments. Furthermore, spurious non-zero energy modes that may
appear in the numerical results can be suppressed by recovering
coercivity with stabilization of the internal force vector integration.
Based on these results, the stabilized meshfree integration method,
known as M-SNNI, was concluded to also be an accurate and
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Table 4
Comparison between SAP projectile experiments and NMAP simulations.
Thickness
(mm)

Experimental exit velocity (m/ Experimental D velocity
s)
(%)

Experiment D KE
(%)

Simulation exit velocity (m/ Simulation D velocity
s)
(%)

Simulation D KE
(%)

127
216
254

224
115
45

48.8
86.5
97.9

205.4
107.6
66.6

56.9
88.1
95.4

28.4
63.3
85.6

34.4
65.6
78.7

varied strongly between the three experiments, with the projectile
kinetic energy reduction ranging from 49 to 98 percent. The numerical results followed closely across this range of conditions,
with an error of not more than 8 percent. The numerical results at
the end of the simulation also reasonably matched the post-test
crater patterns. This indicates that the multi-scale material damage model captured the fundamental failure mechanisms with
reasonable accuracy, providing a strong foundation for further
enhancement through more robust descriptions of the heterogeneous and stochastic microstructure properties.
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