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Abstract

In this two-part paper, a stable and efficient nodally-integrated reproducing kernel particle
method (RKPM) is introduced for solving the governing equations of generalized thermome-
chanical theories. Part I investigates quadrature in the weak form using coupled and uncoupled
classical thermoelasticity as model problems. It is first shown that nodal integration of these
equations results in spurious oscillations in the solution many orders of magnitude greater than
pure elasticity. A naturally stabilized nodal integration is then proposed for the coupled equa-
tions. The variational consistency conditions for nth order exactness and convergence in the
two-field problem are then derived, and a uniform correction on the test function approximations
is proposed to achieve these conditions. Several benchmark problems are solved to demonstrate
the effectiveness of the proposed method. In the sequel, these methods are developed for gener-
alized thermoelasticity and generalized finite-strain thermoplasticity theories of the hyperbolic
type that are amenable to efficient explicit time integration.

keywords Meshfree, thermoelasticity, nodal integration, naturally stabilized nodal integration,
variationally consistent integration, coupled problems

1 Introduction

The interaction between temperature, stress, and deformation is an important consideration in
many engineering problems. The need for solving these partially- or fully-coupled systems may arise
due to the presence of fracture, bending, contact, and friction, among other phenomena. Certain
sub-classes of these problems such as additive and subtractive manufacturing also involve a large
degree of material deformation, flow, and failure, with associated topological changes in the domain.
Here, the use of mesh-based methods for analysis is obviously non-trivial. On the other hand,
meshfree methods are adept at handling these phenomena, yet an effective solution technique requires
careful treatment of quadrature, which is essentially an open-problem for meshfree thermomechanical
analysis. In addition, the time step restriction for the associated classical parabolic type of energy
equation is too restrictive for explicit analysis, which is often used for meshfree methods in extreme-
deformation problems. The subject of this two-part paper is to address these issues and propose a
stable and efficient meshfree technique for thermomechanical problems under the reproducing kernel
particle method (RKPM) framework [39] 12} [40], which possesses nth-order accuracy and associated
optimal convergence rates in smooth problems [40].
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In this first part, efficient and stable quadrature of the Galerkin weak form for thermomechanical
analysis is developed using classical thermoelasticity as a model problem. In the sequel, these ap-
proaches are extended to generalized thermoelasticity and generalized finite-strain plasticity theories
of the hyperbolic type.

Due to the limitations of closed-form solutions to the classical thermoelastic equations e.g.,
[18, 19, 56} [5], numerical techniques are of course desired for more complex geometries and boundary
conditions, in other words, applications. Numerical approaches to the classical theory have been
developed over the past several decades, including finite element-based approaches [33 [6] [7] [48], [32]
and boundary element methods [53] 8, 57, 29].

Meshfree methods [10] have also been developed for both coupled and uncoupled thermoelasticity.
The element-free Galerkin method (EFG) has been used to solve the problem of shape optimization
in linear thermoelastic solids [4]. The meshless local Petrov-Galerkin method (MLPG) has been
employed for problems with orthotropic material properties [54], using various trial approximations
[I'7, 50, 67]. Later, direct MLPG [23] was developed for thermoelasticity.

In these approaches, EFG uses quadrature points based on background cells which necessitates
very high order (and thus expensive) quadrature for acceptable accuracy [20, [14], 11} 66]. For MLPG,
integration is performed over local meshfree nodal domains, employing several quadrature points per
cell, which is also expensive [24]. In addition, as recently shown in [66], even high-order quadrature is
not variationally consistent (VC) [I1], and it is theoretically impossible to converge at optimal rates
and achieve the level of accuracy offered by the trial functions employed in the Galerkin solution
with traditional quadrature. In [60], this analytical result was unequivocally demonstrated, offering
new insight into the importance of alternative integration approaches in meshfree methods.

In contrast to classical approaches, nodal integration methods generally employ one quadrature
point per node, and can greatly accelerate meshfree computations. They are also favored due to
their relative simplicity, and their ability to preserve the mesh-free characteristics of the method on
the quadrature level. Yet pure nodal integration, known as direct nodal integration (DNI) in the
literature, exhibits poor solution accuracy and spatial instability in the form of oscillations [24]. The
instability arises due to a zero gradient at nodal points for modes with a wavelength of twice the
nodal spacing [2| [ 4], severely under-sampling the strain energy density. Thus small-wavelength
modes are admitted in the solution with little to no resistance, and can hence either severally pollute
the solution or grow unbounded.

To circumvent this issue, several stabilized nodal integration methods have been proposed. In [2]
a residual-based method was developed that supplements the Galerkin formulation with second-order
gradient terms, which are non-zero at nodes. This method however necessitates the computation
of high-order meshfree gradients which are expensive, and it is not clear how to straightforwardly
generalize a residual approach to non-linear solid mechanics. Stress points [51] 22] can eliminate the
instability by sampling the internal energy at locations away from the nodes, but this can signifi-
cantly increase the computational cost. A highly efficient stabilized conforming nodal integration
(SCNI) has been proposed [I4], which stabilizes the solution by employing strain-smoothing, and
further provides first-order variational consistency (Galerkin exactness). A modified SCNI (MSCNI)
has been developed [9, [49] to alleviate some remaining instabilities in SCNI when the discretization
is sufficiently fine or the surface to volume ratio is small. Additional integration points are added in
the nodal subdomain to sample the solution away from the nodes, similar to stress points. Taylor
series expansions on strains [45] B8], [24] 44] (which originates from the finite element method [41])
and related methods [64} [63] can also stabilize the solution, and avoid the expense of sampling/stress
points. In order to reduce the computational cost of meshfree gradients of strain in this method, a
naturally stabilized nodal integration (NSNI) has been proposed [24] which employs implicit gradi-
ents (originating from synchronized derivatives [35] and the reproducing kernel hierarchical partition
of unity method [36], B7]). This approach has been shown to accelerate computations by an order of
magnitude over sampling point-type methods [24].

In order to correct the accuracy of nodal integration methods, several additional /combined ap-
proaches have been developed. In [I4] it was shown that a condition exists on the numerical inte-



gration and test function in order to obtain first-order Galerkin exactness. This can be achieved
using the SCNI technique via conforming strain smoothing. Later, the condition was generalized
to the concept of variational consistency [I1], or the conditions for arbitrary nth order exactness,
where a correction was proposed to uniformly correct any choice of quadrature including nodal inte-
gration. The corrected integration methods using this approach are herein given a prefix as ?VC-7,
e.g., VC-NSNI. SCNI has been extended under various frameworks to achieve higher-order vari-
tional consistency, such as quadratically consistent integration [21], and reproducing kernel gradient
smoothing [60].

So far, only the strain-gradient methods in [64] [63] have been applied to thermomechanical
analysis [65]. Staggered time integration was employed to overcome the time step restriction in the
energy equation, and momentum smoothing was used for stabilization, both of which complicate the
overall solution algorithm. In addition, the nodal integration employed violates the critical condition
of variational consistency. The only other related methods are for the tangential problem of porous
media. In [62], MSCNI was developed for poromechanics. To avoid the limitation of conforming
cells in extreme deformation problems, a non-conforming version was proposed in [53, 2], but the
relaxation of the conforming condition in strain-smoothing results in a loss of variational consistency
and thus convergence [11]. To greatly reduce the computational cost of MSCNI, and circumvent the
limitations of non-conforming methods, VC-NSNI was recently proposed for porous media simulation
[61]. There the VC conditions for first order exactness were derived, yet an approximate lower-order
condition was instead corrected for.

In this work, a nodally-integrated RKPM is developed for thermomechanical analysis. In Part I
of this series, the VC conditions for arbitrary-order accuracy in the Galerkin solution of the coupled
problem of thermoelasticity are derived. It is shown that the conditions here require additional
restrictions on the test functions compared to pure elasticity. A variationally consistent correction is
then proposed to exactly satisfy the constraints up to nth order. To stabilize the meshfree solution,
a naturally stabilized nodal integration is further proposed. Here it is shown that for thermoelastic
problems, the solution instability in DNI results in oscillations many orders of magnitude greater
than in pure elasticity, yielding meaningless results. The combined method VC-NSNI is then applied
to several quasi-static and dynamic thermoelastic benchmark problems where stability and high
accuracy in RKPM are achieved using the proposed nodal integration. Part IT of this work extends
these methods to generalized thermoelasticity theories and generalized finite-strain thermoplasticity,
both of the hyperbolic type, in order to facilitate accelerated computations in explicit dynamics and
a uniform time integration on displacement and temperature variables.

The remainder of this paper is organized as follows. The equations of thermoelasticity are given
in Section 2} In Section [3] the reproducing kernel approximation is reviewed. Section [ explores
the challenges and instabilities in direct nodal integration for thermoelasticity. In Sections [B][7]
NSNI, variationally consistent integration (VCI), and VC-NSNT are introduced for thermoelasticity.
Numerical implementation details are given in Section with the matrix forms and Newmark
algorithm for the thermoelastic equations. Several static, quasi-static, and dynamic benchmarks
problems are solved in Section [0 with the proposed thermomechanical RKPM results compared
with analytical solutions, and solutions by other numerical methods. Concluding remarks are then
given in Section [I0]

2 Governing equations and weak formulation

2.1 Strong form of thermoelasticity

2.1.1 Equations of motion and energy conservation

Consider a domain Qx]0,t¢[ with boundary 0Qx]0,t¢[. The governing equations for linear ther-
moelasticity on the domain are [47]:
V-o+b=pi (1)



—V-q—pc,f+Q—LToV -4 =0 (2)

where V is the Del operator, o is the Cauchy stress tensor, b is a prescribed body force, p is
the density, i = 0%u/0t? is the acceleration; w is the displacement field and herein is treated as a
primary unknown, q is the heat flux, ¢, is the heat capacity, § = T'—Tj is the temperature difference
and is treated as a primary unknown; 7" is the absolute temperature, T} is the reference temperature
and 0 = 00/0t; Q is a prescribed heat source, 8 = &(3\ + 2u) is the thermal stress modulus; @ is
the thermal expansion coefficient, A and p are Lamé’s first and second constants; and & = du /0t is
the velocity.

Equation is the conservation of linear momentum and is the energy equation, or first law
of thermodynamics (under specific assumptions). The nature of coupling between the two primary
fields of displacement u and temperature difference 6 is dictated by the prescribed constitutive laws
for o and q.

Note that for the linear thermoelasticity, a small increment of the temperature difference com-
pared with the reference temperature is assumed [47], that is
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The boundary conditions associated with and are

u=g ondfdy x|0,tf] (4a)
o-n=~h ondQy x]0,tf] (4b)
0 =0 on o0y x]0,ty] (4c)
g-n=gqg ondQ, x]0,ts (4d)

where g, n, h, 0, and g denote the prescribed displacement, outward unit normal to the boundary,
prescribed traction, prescribed temperature difference, and prescribed heat flux, respectively, with
08g U 0y, = 007 U 0Q, = 0 and 02y N 0Ny, = 007 N O, = 2.

The complete problem in time is specified with the initial conditions at time ¢ = 0 for u(x,t)
and O(x,t). Here we consider:

u(x,0) = uo(x), u(x,0)=wvo(x), 0O(x,0)=6by(x). (5)

To complete the problem in space, the constitutive laws need to be prescribed. Without loss of
generality, we consider a homogeneous isotropic media.

Classical isotropic thermoelasticity considers the Duhamel-Neumann law, which yields the rela-
tion between stress, strain, and temperature change. Herein, we consider the law with no prestrain:

o=C:e(u)—pol (6)

where e(u) = 3(Vu + (Vu)T) is the strain tensor, C denotes the isotropic forth-order elasticity
tensor, and I denotes the second-order identity tensor.
For the heat flux, the classical Fourier law is employed with isotropic heat conduction:

q=-kV6b (7)

where k is the thermal conductivity. The reason for the specificity of these definitions will be clear
in the sequel, where alternative relations are employed.

Employing (6] and (7)), the governing equations (L) and (2) can be expressed directly in terms
of the displacement u and temperature change 6:

V- (C:e(u)— B6I) + b = pa, (8a)
V- kVO — pe,f + Q — BTV -4 = 0. (8h)



2.2 Coupling parameter and dimensionless variables

2.2.1 Coupling parameter

To distinguish between a fully coupled and a partially coupled (also called uncoupled) problem, the
following thermoelastic parameter is introduced for convenience:
2
f= T (9)
pep(A + 2p)

When § = 0 the system is uncoupled. On the other hand, if § is a non-zero value, it is the fully
coupled case. Here the case where a fully coupled thermomechanical analysis should be considered
is clear: only when the material constants yield § ~ 0, an uncoupled system can be used. This is
often the case with metals.

In this paper, the coupled and uncoupled thermoelastic equations are studied; we use § = 1 and
0 = 0, respectively, with all parameters given except Ty, which is calculated using @:

_ Opep(A+2p)

T 52

. (10)

2.2.2 Dimensionless variables

The solutions in this manuscript are interpreted in terms of the following dimensionless variables:

Yy - 8 K _ o (A +2p)
=2 f=_— t=_t = =7 11
Y CL7 TO’ a? ’ 7 5T07 u aﬂTo ( )

where a = k/(cspep); k = k/(pcp), and cs = /(A +2u)/p.

2.3 Weak form of thermoelasticity

Galerkin meshfree methods such as RKPM employ weak forms of the governing equations .
Starting from the weighted residual approach, applying integration-by-parts and the divergence
theorem these can be derived as: find u € Uy, and 6 € O, such that for all v € Uy, and § € Oy,
the following equations hold:

/pv-ﬁdQ+/s(v):(C:s(u)dQ—/ﬁV-v@dQ:/twbdQ—l—/ v - hdl, (12a)
Q ) Q Q o

Qn
/ kVS - VOdO + / pe, SO — / BToSY - dQ) = / SQdQ + / Sgdr, (12b)
Q Q Q Q a0,
with
Uy, ={u|uec H" u=gon dQyx]0,ts[}, (13a)
Up={v|veH" v=0 ondQyx|0,t;[}, (13b)
Or ={0|0€ H 0 =0 on d0rx]0,ts[}, (13c¢)
Qo ={S|S € H'S=0 ondQrx|0,ts[}. (13d)

In (12), both bilinear ”stiffness” integrals contain gradients of the primary unknown, Vu and V6,
in and , respectively. Thus, when discretized by meshfree shape functions, it is easy to
show that an oscillatory mode in both the displacement and temperature with a wavelength of twice
the nodal spacing will not contribute to these terms away from the boundary, and this mode can
potentially grow unrestricted [27].

Note that meshfree approximations generally do not meet the requirements and need special
techniques to impose essential boundary conditions. Here we employ the transformation method [13]
with consistent weak forms [28] to attain Galerkin exactness in VC methods. The details are omitted
for clarity of presentation of the proposed formulation; for details see [13] 2§].



2.4 Galerkin form of thermoelasticity

The Galerkin statement of the problem is: find u" € U;, and 0" € O such that for all
v € UL, and S" € O}, the following equations hold:

/pvh~ﬁhdﬂ+/e(vh):(C:e(uh)dﬂ—/ﬁV-vath:/vh-bdQ—i—/ v hdl', (14a)
Q Q Q Q 1¢)

Qp,

/ kVSh . veldQ + / pe,SHohdQ) — / BTyS"V - uhdQ = / SQdS + / Shqdr, (14b)
Q Q Q Q a9,

with Ugh c Uy, @% C Or, Ul c Uy, and ©F C ©y. The above necessitates quadrature, which
motivates the current work. Gaussian integration sufficient for acceptable accuracy is prohibitively
expensive, whereas nodal integration is extremely unstable, as will be seen.

3 Meshfree approximation

In this section, the reproducing kernel approximation is briefly reviewed. An overview of the implicit
gradient is further given, which significantly lowers the computational cost of computing gradient
terms in the stabilized formulation.

3.1 Reproducing Kernel approximation

Let a domain = Q U 99 be discretized by a set of NP nodes S = {x;|x; € Q}¥ with set of
node numbers N = {I|x; € S}. The nth order reproducing kernel (RK) approximation u"(z) of a
function u(x) is [39, 12} [40]:
Ry —
u(@) =Y (@) (15)
IeN

where {U(x)};en is the set of RK shape functions, and {us}ren are the associated coefficients.
Note that the summation in is only carried out over non-zero shape functions local to x in
practice, naturally defining connectivity.

The shape functions in are constructed by the product of a kernel function ®,(x — x) with
normalized support a and a correction function C(x;x — xy):

Ui(x) = Po(x — z;)C(x;x — ). (16)

The correction function here is composed of a linear combination of nth order complete monomials,
which allows the exact reproduction of these monomials. In matrix form the correction can be

expressed as:
Clx;x —x;) = H(x —x;)"b(x). (17)

where H(x — x) is a column vector of the monomials:

;
H(x —x;) = [17961 — X1, T2 — Tor, T3 — T37, (T1 — $11)2 coo s (@y — aap)"” (18)

and b(x) is a column vector of coefficients to be determined from the following nth order discrete
reproducing conditions:

> Uy(@)H(x;)=H(z) or Y V(x)H(z—x;)=H(0) (19)
IeN IeN

which leads to b(x) of the following form:

b(z) = M(x)" H(0) (20)



where the moment matrix M is defended as follows:

M(x)=> H(z-z)H(x - 2) . (z — z). (21)
IeN

Employing , the RK shape functions are constructed as:
Uy(x) = HO)M(x) 'H(x — x;)®,(x — x1). (22)

The shape function gradient necessary in the weak form can be computed straightforwardly based
on the product rule:

VU (x) = H(0)V(M(z) " YH(x — 21)Pu(x — 1)
+ H(0)"M(x) 'VH(x — x)®,(x — x) (23)
+ HO)M (x) 'H(x — x;)V®,(x — x;)

where

V(M (z)™) = —M(x) " 'VM(x)M(x)" . (24)

However, the computational cost of computing this gradient is non-trivial (cf. [30]). Therefore a so-
called implicit gradient (which originated from the synchronized derivative [35]) has been developed
[16, 43] to save computational cost. This approximation preserves the essential properties of the
explicit gradient, that is, the gradient reproducing properties of (see for reference)

NP
> VU (z)H(x;) = VH(z) (25)

are satisfied by the implicit gradient reproducing kernel shape function.
Starting from the analogy of , the implicit gradient shape function is constructed as [16], [35]

VY (z) = 4(x — x)C (2, — ), (26)

where i = 1,...,d where d is the dimension of the problem. A correction function is introduced
composed of a linear combination of monomials:

Cl(x;x—x;) = H(x —x;)'b] (z). (27)

The implicit gradient is then obtained by enforcing the gradient reproducing conditions on
an solving for b} (x):
V(@) = [HY] M (z)" H(z — /) %(z — z) (28)

where M (x) is the same moment matrix in , and H; is a column vector of the form:
H/ =[0,---,0,-1,0,---,0]T (29)

where —1 is (i 4+ 1)** entry. Compared to it is easily seen that the implicit gradient is
much more computationally efficient. In fact, comparing (28) to , it costs virtually nothing
since most of the terms already need to be computed in (22)) — the last three terms are the exact
same. Meanwhile, both possess the key property of satisfying the gradient reproducing conditions.
Depending on the dimension of the problem d, the implicit gradient can reduce cost by a factor on
the order of 2d + 1 over the explicit gradient in the shape function construction [24]. In the later
sections, the implicit gradient will be utilized to reduce the computational cost of the proposed nodal
integration technique.



4 Instability in nodal integration

In meshfree methods, direct nodal integration (or DNI) is well known to provide unstable results
in solid mechanics [2] 14} (15, 24} [64]. Here, we examine the stability of DNI in thermomechanical
analysis using quasi-static classical thermoelasticity (neglecting inertial terms in ) as a model
problem.

Consider a linear elastic half-space y > 0 subjected to a sudden temperature change and free
traction on its boundary. This can be treated as a one-dimensional problem, either coupled or
uncoupled depending on the constants. The material properties employed in this study are shown
in Table Il

k p Cp Ié] A2
value 1.7 x 10° 7.82x107°% | 4.61 x 10° | 3.34 x 10" [ 1.99 x 10°
unit | kg x cm/K/s3 kg/cm? em? /K /s? | kg/em/K/s? | kg/cm/s?

Table 1: Parameters for stability study.

For constructing the RK shape function, linear basis, cubic B-spline kernel, uniform node dis-
tribution with spacing Az = 0.001, and a normalized support size of 2 are used. The analytical
solution for this problem can be found in [7]. The implicit and unconditionally stable backward
difference method [48] with the time step At = 0.001s is used to discretize the time domain in this
example.

Figure [1| shows the dimensionless results along the y-axis at time ¢ = 2 for the coupled (6 =
1) and uncoupled (6 = 0) cases. It can be seen that DNI yields highly unstable temperature
and displacement responses. It should be emphasized that these oscillations are many orders of
magnitude (more than 30 here) worse than those observed in pure elasticity (see [2, 22| [64] for a
few examples, these instabilities in elasticity typically result in oscillations with amplitude on the
order of the solution itself, or less). Hence here, stabilization is absolutely necessary to obtain any
meaningful solution at all. It can also be seen that this severe instability occurs in both the coupled
and uncoupled cases.
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Figure 1: Coupled and uncoupled results along 4 at £ = 2 for the quasi-static DNT test.



The time histories at § = 1 shown in Figure [2| depict the evolution of displacement and tem-
perature difference over time. Here it can be seen that this instability is ”explosive” in nature: the
results appear to grow exponentially, which again is not the case in pure elasticity. As before, this
occurs for both the coupled and uncoupled cases.

As explained in the introduction, DNI also provides poor accuracy. However, without stability,
it is difficult to evaluate how the poor accuracy might manefest in this class of problems. Later,
this issue will be revisited, where it is shown that stabilization alone (e.g., NSNI introduced in
the next section) is insufficient to ensure acceptable accuracy, which motivates the introduction of
variationally consistent NSNI (VC-NSNI), to attain both stability and accuracy in the solution of
thermomechanical problems.
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Figure 2: Coupled and uncoupled time history of results at § = 1 for the quasi-static DNI test.
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5 Naturally stabilized nodal integration

As shown in the previous section, the DNI quadrature scheme can lead to severe numerical in-
stabilities and does not appear to be a viable scheme for thermomechanical problems whatsoever.
To eliminate the spurious oscillatory modes of direct nodal integration, naturally stabilized nodal
integration (NSNI) [24] has been introduced. However, this technique has not been developed for
thermomechanical problems. Without loss of generality, two-dimensional formulations are presented
in the following sections which can be easily extended or contracted to 3-d or 1-d.

5.1 Stabilization of the displacement field

To start, the strains in nodal domains €27, are expanded about the nodal position x; using a Taylor
series expansion truncated to first order [24]:

2

e(u) mep(u") +) {(zi —zrer(u")} (30)

i=1
where e, (u") = e(u”(z1)). The strain of the test function is also defined the same as (30), that is

6(’Uh) ~ EL(’Uh) + Z{(a:l — .’17]1‘)6[/(1)’1)71'}. (31)

i=1

Here, we have considered the linear (n = 1) case and only retain first-order terms. Higher order
cases of NSNI can be obtained straightforwardly following [44].

Substituting and into (14a]) for each of the strains in the nodal domains and employing
the implicit gradient approximation ([28)), the following naturally stabilized nodal quadrature version

of the elastic bilinear form is obtained as:
apnN <'vh,uh>:aD <vh,uh>+aN <vh,uh> (32)

where ap (-, -) is the DNI quadrature version of the bilinear form:
NP
ap <vh,uh> = ZEL('vh) :C:ep(uM)Wy (33)
L=1

where Wy, is the integration weight associated with node L (the representative nodal area in 2-d),
and the stabilization term ay (-, ) is

2
anN <’Uh,uh> = ZéLi(Uh) :C: éLi(uh)MLi (34)
where €r,;(+) is the implicit gradient approximation of e,(-) ;, and

Mp; = / (z; — zpi)? d9, (35)
Qp

which are the second moments of inertia of each integration zone. Note that the following (in 2-D,
see [24] for more details on this assumption) has been utilized to obtain :

/ (r1 —xp1)dx; =0, or / (xa — xp2)dze =0, (36)
QL QL

The assumption is satisfied when the node is located at the centroid of the quadrature domain
), in at least one of the two Cartesian coordinates.
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Using Voigt notation (for such terms throughout the manuscript), the standard nodal strain
terms in are constructed as:

NP NP
223?(38,;)11,1, er(v") :ZB}‘(:BL)W, (37)
I=1 I=1
with
\I/])l(ili) O
Bi(x) = 0 Ura(x)| . (38)

\I’],Q(CC) \11171 (:13)

and the additional terms the containing derivatives of strains are approximated by implicit gradients

£9) as

ZB (xp)ur = B (xp)u, €ri(v ZBh xr)vr = B (z1)v,
\IJYM(:B) 0 (39)
B}sz(m) = 0 Uiio(x)

‘I’Zz(w) ‘I’Ivm(fl’)
where \IIYU 2{\111” Ij ;} since \III” + \I!IJ i

5.2 Stabilization of temperature field

Following the stabilization of the displacement field, expanding the temperature gradient in nodal
domains ), about xy, is proposed in this work to achieve stabilization of the temperature field:

Vo' (z) ~ VO + Z{ —27)(VO) 5} (40)
where V0% = V0" (x1). The test function gradient follows the same form:

VS (x) vsL+Z{ i —25)(VSH) i} (41)

i=1

where VS? = VS”(x). Note that for the temperature field, stabilization also entails second-order
derivatives, which are expensive to compute in meshfree approximations. Here, implicit gradients
will again be introduced to approximate the derivatives of the temperature gradients.

Taking equations and into consideration, and employing and in (14b)), the

following stabilized bilinear form is obtained for the temperature field:
apy < S", 0" >=ap < S" 0" > +ay < S, 0" > (42)

where ap < -,- > is the DNI quadrature version of the bilinear form:
an (S",0") = Z k(VSE) - (VoW (43)
and the stabilization term for temperature ay (-, -) is computed as

NP 2
an (S",0") :ZZ (VSR - (VO )My, (44)

12



where V%, and V%, denote the implicit derivative in the i direction of V.S} and V%, respectively.
For the nodal gradients in the DNI term, we have:

NP NP
VOp =) Bi(er)br, VSi=) Bi(zi)Sr, (45)
I=1 I=1
where
Bi(x) = (U (x) \I/]’Q(w)}T. (46)

For the stabilization terms in , implicit gradients are utilized as follows:

voh, = ZB (x1)0r = BYY ()0, VS, = ZB (x1)S; = BYY (x1)S, 4

qui (x) = [‘IIYH(“’) \I/?Q(a:)]T.

Note that the weights W}, and second moments of inertia Mj; are the same as in Section

6 Variational consistency conditions

In this section, the variational consistency conditions are derived for thermoelasticity. The key
difference between the original derivation in [I1] is the presence of two fields.

Following the concept in [11]], consider a static thermoelasticity problem where the displacement
solution is a linear combination of complete monomials up to order n:

— a — "l

la|<n

where « is a multi-index equipped with standard notation.

In [I1], the conditions to obtain this type of solution was purely a function of the single field.
Here we note that, unlike the pure elastic case, the associated boundary conditions now also need
to consider the temperature change since, e.g., the prescribed traction will need to depend on
o =C: e(u) — pOL. In addition, the temperature change needs to be considered an independent
variable. As such, an mth order temperature solution is assumed:

— = glm

where v is also a multi-index. With and in hand, the manufactured source term and
boundary conditions consistent with these two fields can now be obtained as:

b=-V-o"  inQ (50a)
h=cl" . n on 00, (50Db)
g =ul" on 0Qg (50c¢)
Q=-V-kvom inQ (50d)
g=kvo™ .n  onoaQ, (50e)
g =g on 9O (50f)
where
oMl = C: e(ul™) — golmn (51)

is the stress associated with both fields.
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For the Galerkin form, approximations for both solid displacement and temperature fields are as
follows

NP NP
"= Npu;, 60"=) V6 (52)
I=1 I=1
where
U 0
Ny = [ 01 foJ (53)
and the test functions are NP NP
:ZN;L’UI; Sh:Z@ISI (54)
I=1 I=1
where N
- v, 0
N} = N 55
= ) (55)

in which ¥, ¥, ¥, and ¥ are the RK shape functions for solid displacement and temperature fields,
respectively, and uy, 67, v;, and S; are the nodal coefficients.

Now, in order to obtain Galerkin exactness (passing the patch test and obtaining the exact
solutions and ), the integration constraints should be satisfied. The meaning of integration
constraints is that the numerical integration has to be consistent with the test functions in order to
obtain exactness in the Galerkin approximation. Therefore here, the possibility that approximations
to the test and trial functions differ is considered. Note that the integration constraints are tightly
tied with Galerkin orthogonality [52], and are necessary for obtaining the standard error estimate
for smooth problems [66].

In order to arrive at the integration constraints, weak forms employed in the Galerkin equation
must attest to the strong forms [T1]. A few options are the Lagrange multiplier method, Nitsche’s
method, or the newly proposed consistent weak forms [28]. Here we consider the consistent weak
forms of — the details are omitted here for clarity. The derivation follows the appendices of
[28] straightforwardly.

Since the test functions are arbitrary, one governing equation can be considered at a time.
Therefore, one should expect two independent constraints for each test function approximation.

First, consider the equation of motion. Following [II], the approximations and ( . are
substituted into the consistent versions of and (14bf). Then, using the notatlon x§ = x7] -
x93 ... x7], the exact nodal solutions u[I"] and Ggm] are then employed along with the consistency
conditions yielding u” = ul” and 6" = #l"). Using the prescribed conditions in , and
employing numerical integration, the following integration constraints on the test function for the
displacement field are obtained:

<V\f11 . U[aﬂ>(2 =— <\TJIV . a[a7]>ﬂ + <\i110'[a“’] ~n>6Q VI,|le|=0,1,...,n, |y/=0,1,....,m

(56)
where ()¢, and ()5, denote the quadrature forms of the domain integral and the boundary integral,
respectively, and Q[O‘V] = C : e(u®) — pO7I. In the above, it can be seen that the integration

constraint is the same as pure elasticity in terms of stress [I1]. However here, the stress is a function
of both displacement and temperature. Therefore the definition of &!®"! must be used to further
elucidate the constraints:

<VS\I/I C:Vx a>Q - <¢/1V -C: sz“>ﬂ + <\i/I(C HAVAF n>8Q VI, || =0,1,...,n (57a)
<v5¢q -ﬁxﬂ% - <\ifjv : f}x711>9 n <¢15m : n>m VI |Iy =0,1,...,m (57b)

where V¥(:) = (V& () + (1) @ V).
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Remark 1 The above convey a relation between the displacement test functions, quadrature, and
both orders of monomials of the solution n and m. This is due to the fact that the stress in the
momentum equation contains both the displacement and the temperature difference.

Now, if C and ( are constant, the constraint can be simplified as:

<Vs\i/1 - sza>Q - <\111V . Vsa:a>Q + <\111V3:1:a . n>6Q VI, la| =0,1,...,n (584a)

<v5¢11 : m> - <\if,v : m> n <\i11x71[ : n> VI, |y =0,1,...,m. (58b)
Q Q oQ
Now considering the static energy equation, the integration constraints on the test function of
the temperature field can be obtained following the previous procedure and assuming constant k:

<V\i11 : Vx7>ﬂ =— <@1V2x7>ﬂ + <@1Vw7 -n>89 VI, |v|=0,1,...,m (59)
where V2=V - V.

Remark 2 Here it can be seen that this integration constraint only depends on the variable m,
rather than a dependence on both n and m in the displacement constraint . This is due to the
independence of w and 6 in the energy equation in the static case.

To take an example of the specific constraints, consider linear fields of both temperature and
displacement with n = m = 1. The following conditions on the displacement test function J; can
be straightforwardly obtained by taking the various cases of @ and v up to length one in . In
two dimensions, this yields:

<\i/,,j>ﬂ = <\iz,nj>m L j=1,2 VI (60a)
<\i/172:v1>9 - <¢/1x1n2>m VI (60b)
<¢'171x2>9 - <¢'1x2n1>8ﬂ VI (60c)
<@1’1x1>9 == () +(Tmm) VI (60d)
<\i/1,2z2>9 _— <¢I>Q + <@1x2n2>m v, (60¢)

And in three dimensions, one obtains:

(11, (i), =120 o
<\i/mx1>ﬂ - <¢/1x1nj>m . j=23 VI (61b)
<¢z[7jx2>ﬂ = <¢11x2nj>89 . j=1,3 VI (61c)
<¢117jz3>9 = <¢:1x3nj>m L j=12 VI (61d)
<\ix“a:1>ﬂ = <®I>Q + <\if,x1n1>m VI (61¢)
<\i/172x2>9 - <¢1,>Q n <¢11x2n2>m VI (61f)
(raws) == (¥r) +(rosns) = VI (61g)

For the energy equation, the constraint on the test function for temperature change ¥; can be
shown to have the following form using |y| = 0, 1:

<v¢11>9 - <\izm>m VI (62)
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Remark 3 Satisfaction of the constraints associated with the displacement test function implies
(62) as seen in and (61a)). Therefore, if a single test function is used for both fields, then the
displacement constraint can be employed for satisfaction of variational consistency uniformly up to
order m = n.

Remark 4 In thermoelasticity, the linear constraints are less trivial than in elasticity. However as
will be seen, the corrections can still be constructed in a simple manner.

Remark 5 It can be shown that the use of naturally stabilized nodal integration results in the same
constraints as derived herein for the linear case. Therefore, the techniques in the following section
can be straightforwardly applied for n = 1. The derivation follows [24] — if a linear field is assumed
in and , gradients are constant, and the derivative of gradients in NSNI stabilization terms
are zero and drop out of the variational consistency conditions.

Remark 6 Here, as in all other works based on variationally consistent integration, we have only
considered a monomial distribution of a solution distributed in space, constant in time. Therefore
dynamic terms are not considered. Nevertheless, as shown in [27], it was clearly demonstrated via
numerical examples that satisfaction of these static conditions significantly improves the response
in a dynamic setting. In addition, it was shown in [52] [66] that this condition is necessary in order
to obtain the standard error estimates (optimal rates for smooth problems) and restore Galerkin
orthogonality.

7 Variationally consistent integration for thermoelasticity

Satisfaction of and can be achieved by modifying the shape function gradient of the test
function in the following from [25]:

V() = Vi) + Ri@) {1+ ale) - (o - o) {0} 4 i) (o2 - {E0) (03)

where
1, if & € supp(¥;)

Ri(z) = {0, if @ ¢ supp(¥r)

where supp(¥;) denotes the support of ¥;. Substitution of into results in two systems of
equations:

(64)

Ar¢il = (65a)
AIC = r[ (65b)
where
A;=(Plx —x;)PT(x —x1)R1(x))q (66a)
P(z) = {1,21,22}" (66b)
¢t ={¢n, Crsy Crs )T (66¢)
¢ = {Cr2: Cras Cr6}T (66d)
rf! = {7"1177“11»7"11}T (66e)
r? = {7”1277”12a7“12}T (66f)
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and

riv = (Y1) s — (Y1) (67a)
7"}2 = (Un2)yq — <\III72>Q (67b)
i = (W (21— 211)) g — (Wi — (Wi (21 — 211))g (67c)
1o = (Wrng (x1 — 211))gg — (Y12 (21 — 211))q (67d)
ri = (Ui (w2 — 221))gq — (P11 (2 — 221))g (67e)
1y = (Wrng (22 — wa1)) g — (Vi) — (W12 (22 — 221))g - (671)

Due to the locality of Ry(x), and dependence on the nodal index I, the residuals and correction
terms are relatively computationally inexpensive. In [24] [26] it was shown that the VC correction
of nodal integration only slightly increases computational cost, and is far more effective than several
other types of nodal integration in terms of CPU time for a given level of error achieved, and vice
versa.

8 Space discretization and time integration scheme

8.1 Approximations

As previously mentioned, the VC scheme can be uniformly applied to both sets of test functions.
Here, we also use the same set of trial functions for both fields. As a result, the approximation of
displacement and temperature change are constructed as:

NP NP
u'(z) = Ni(z)u; =N(z)u, 0"(z)=> ¥ (z)0; =¥ (z)0 (68)
I=1 I=1
where
Ni(x) = [\Iuéac) \I/I(zm)] 7 (69)
and the test functions are approximated as
NP NP
v () = ZN[(:B)’U[ = N(z)v, S"'(z)= Z\I’I(QZ)S[ =®¥(x)S (70)
I=1 I=1

where {U;}VE are the RK shape functions (22), and wuy, 07, v;, and S; are the nodal coefficients
in the Galerkin equation. Note that all approximations and assembly operations are carried out
local to any integration point @, that is, only over indices which are associated with non-zero shape
functions at the location.

For the gradients, the assumed strain-type approach is adopted herein following [I1], where the
trial function terms are computed in a straightforward manner:

NP NP
e(u(2) = . Bj(x)u; = B(x)u, V0'(z) =Y Bi(x)0; = B’ ()0 (71)
I=1 I=1
where
\11171(113) O
Bi(z)=| 0 Ura(z) |,
! \I/I,g(il,') \I/il(iﬂ) (72)

Bi(z) = [Yr1(z), V()]
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and the test function terms are corrected using :

"x)) =Y Bi‘(x)v; =B“(z)v, VS"(x ZB x)S; = B’(x)S (73)
where
Bj¢(x) = 0 U, (x) |,
T W@ v (74)

Bi*(x) = [V] (x), U] o(2)]".

Remark 7 Since the the VC conditions 1.) and (59 . ) do not include natural boundary conditions,
and the test function gradient correction (/63| . 67) does not appear in the weak Galerkin enforcement
of boundary conditions (| ., the approach is easily applicable to complex engineering problems
without special considerations. Similarly, NSNI methods expand gradient terms only in bilinear
forms. Therefore, NSNI also need not be considered in any boundary conditions. For examples of
the use of these approaches in more complex applications, see [I] or [61].

8.2 Semi-discrete matrix form

For the matrix forms, let the following subscript notation be adopted: u denotes the mechanical field,
and € denotes the thermal field. Introducing , 7 , and into the Galerkin equation
, and employing the naturally stabilized nodal integration technique introduced in Section
the matrix system in 2D is obtained as:

M,, Of |u 0 0 u K. Kugl| [u] [F

ool e el Gl kG -lesh @
where w and 0 are the row vectors of {u 1}?[:1 and {91}?[:131, respectively, and for a homogeneous
media as presented in the examples:

NP
My, = Y pN(zL)TN(zL) Wy (76a)
L=1
Cou = —ToK], (76b)
NP
Cop =Y pcp¥ () W (L)W, (76¢c)
L=1
NP NP 2
Kuu =Y (B"(x.))™DB (@ )WL+ Y > (B! (2))"DB! (z,) My (76d)
L=1 L=1:i=1
NP
K= — Z BB () I® ()W, (76¢)
NP 2
Z k(B ()" B (x)Wr + > Y k(B (x1))TBYY (z1,) My (76¢)
L=111=1
NP NBPu
F>' =Y "N(z,)™W, + Y  N(zxg)ThL} (76g)
L=1 K=1
NBPO
Q™ = Z‘I’ xL)TQWL + Z (xx)TqL% (76h)
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where I = [1 1 0 O]T7 D is the matrix corresponding to the tensor C, b and h are the matrix
forms of b and h, respectively, L% and L% denote the Kth weight of one of the NBPu and
N BP# integration points on the natural boundaries for the displacement and temperature change,
respectively, and BYY and BY7 are the global matrices in (39) and (47)), respectively.

The final semi-discrete linear time-dependent system can be written in compact form as

Md(t) + Cd(t) + Kd(t) = F(t) (77)

where
S N P =
o[ e (5] ™

8.3 Time integration

In this research, the semi-discrete equations are advanced in time using the Newmark method, which
consists of the following equations [31]:

Man+1 + Canr] + Kdn+1 :FnJrl (803.)
At? ~ _

d,1 =d, + Atv, + 7[(1 —2B)a, + 2Ba,41] (80Db)

Vnt1 =V + A1 — v)a, + ya,+1) (80c¢)

where d,,, v,,, and a,, are the approximations of d(t,), a(tn), and a(tn), respectively, and § and v
are the Newmark parameters.

9 Numerical examples

In this section numerical examples are presented to demonstrate the accuracy and stability of the
proposed method. The following five numerical integration methods are tested for comparison:

1. Direct nodal integration (denoted DNI)
2. Variationally consistent integration with direct nodal integration (denoted VC-DNI)
3. Naturally stabilized nodal integration (denoted NSNI)

4. Variationally consistent integration with naturally stabilized nodal integration (denoted VC-
NSNI)

5. Gaussian integration (denoted GI) with high order rules

Thermoelastic benchmarks are solved, and the solution by these approaches are compared with exact
solutions and results from numerical methods in the literature.

Unless otherwise stated, for the RK approximation, linear basis with cubic B-spline kernels with
a normalized support size of 2 are employed in all problems, using a uniform node distribution with
a nodal spacing of Az = 0.001. The five point Gaussian quadrature rule is used for GI with cell
boundaries coincident with the nodal positions. The implicit and unconditionally stable backward
difference method [48] is employed with a time step of At = 0.001 to discretize the time domain
in all examples. The transformation method [I2] is used for the imposition of essential boundary
conditions. The solutions are presented in terms of the dimensionless variables given in , and
unless otherwise stated the material properties used are given in Table
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Aside from the patch test, we will consider a linear elastic half-space y > (0) subjected to either
a time-dependent temperature change or heat flux on its boundary plane, free of traction. The
following initial boundary value problems based on these conditions can be obtained: (a) the first
Danilovskaya problem [I8], (b) the second Danilovskaya problem [I9], and (c) the Sternberg and
Chakravorty problem [56]. These problems can be treated as one-dimensional, and can yield either
coupled or uncoupled thermoelasticity.

9.1 Patch test for thermoelasticity

In this example, a one-dimensional patch test is performed to verify the exactness of the proposed
VCI approach. The steady equations of energy and equilibrium on a domain © =|0, 1] can be cast

as
E 0u 00 .
(1_1/2) @—B%—&-b—o mn Q, (81&)
020 .
k@ +Q=0 inQ. (81b)
The boundary conditions considered here are
u(0) =0, u(l)=g, (82a)
0(0)=0, 6(1)=gy. (82b)

Linear solutions in both fields can be obtained using the following prescribed values:

b=p, Q=0, g=1, (83)

which yields the exact solution of this problem for the two fields as

The discretized steady equations yield the following matrix form:

Kuw K| [u]l  [F
{ 0 K00 0 - Qext . (85)
It is important to note that for uniform discretizations, good accuracy or even exact solutions
can be obtained by various integration methods, but in non-uniform discretizations, most methods

fail the patch test. Therefore, the non-uniform discretization of the one dimensional domain shown
in Figure [3]is employed in the study.

Figure 3: Non-uniform node distribution in one dimension

The dimensionless parameters £ = 1, v = 0.3, and 8 = 0.05 are used in the patch test. As shown
in Table [2), VC-DNI and the VC-NSNI pass the patch test (with machine precision) as expected. It
can be seen that VC-DNI yields acceptable results for static thermoelasticity, but as will be seen in
the next section, not for quasi-static and dynamic thermoelasticity. It is also notable that NSNI can
drastically reduce the error without VC corrections. However, it will also be seen later that these
treatments are still necessary to obtain good accuracy across all problems tested.
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DNI VC-DNI NSNI VC-NSNI
u | 0.2174 | 1.4418E-14 0.0035 1.6187E-13
0 | 0.2113 | 1.2204E-14 0.0035 5.6947E-15

Table 2: Ly norm of error for various methods in a 1-D static thermoelastic patch test

9.2 Quasi-static benchmarks: the first Danilovskaya problem

In this subsection, we study the quasi-static case of the first Danilovskaya problem under various
discretizations and quadrature schemes. The first Danilovskaya problem [I8] concerns a linear elastic
half-space subjected to a uniform sudden temperature change on its boundary, with free traction.
The boundary conditions in this problem are given as

6(0,t) = 6o, (86a)
0(0,t) = 0. (86b)

The quasi-static problem neglects inertial effects, and the semi-discretized equations are

cd(t) + Kd(t) = F(1). (87)

9.2.1 Stability study

First, the stability of the proposed methods is studied. Uniform discretizations are employed, where
spatial stability is more problematic in nodal integration [49] [24].

The spatial distributions of temperature change and displacement at ¢ = 2 are presented in
Figures [4] and [} respectively. It can be seen that DNI provides wildly unstable results, as before,
for both the coupled and uncoupled cases. The node-to-node oscillations are typical of instability in
nodal integration, yet here it is again seen these are orders of magnitude higher than pure elasticity.

The VC test function correction of DNI fails to provide any additional stability to the solution.
This can be explained easily. The source of the instability is the calculation of meshfree gradients
of the trial functions, not the test functions [24]. Therefore, the stability of the solution will not
be affected by the selection of the test function. In [27] it was shown that while VC corrections
can provide additional stability in non-uniform discretizations, they fail to provide it in uniform
discretizations. Therefore additional stability must be provided by other means for the solution to
be stable across all types of discretizations. Taking another point of view, in uniform discretizations
the residuals of the integration constraints are generally very low [I4] 111 [66]. Meanwhile, the VC
corrections are driven by the residual, so little to no modification to the overall numerical method
is made in this case.

Finally, both NSNI and VC-NSNI provide both stable and accurate results, with solutions com-
parable to the more expensive high-order Gaussian quadrature. Here the analytical solution is
available for both the coupled and uncoupled cases.
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Figure 4: Temperature changes along ¢ at ¢ = 2 for the first Danilovskaya problem in a quasi-static
uniform discretization with various methods.
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Figure 5: Displacements along ¢ at t = 2 for the first Danilovskaya problem in a quasi-static uniform
discretization with various methods.
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Figures [6] and [7] show the time histories of temperature change and displacement at § = 1,
respectively, where explosive growth over time is seen in DNI for both fields, in both the coupled
and uncoupled cases. Also seen in the figures, NSNI provides stable solutions, in both pure NSNI,
and VC-NSNI. The VC correction here also does not provide much, which is expected as previously
discussed.

As we have seen, Gauss integration was considered in this study. Here stable and accurate results
were obtained, yet this method needs at least five-point quadrature to converge [I1], which in turn is
computationally demanding. On the other hand, the proposed RKPM formulation using VC-NSNI
can provide comparable accuracy and stability with just one-point integration.
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Figure 6: Time histories of temperature change at § = 1 for the first Danilovskaya problem in a
quasi-static uniform discretization with various methods.
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Figure 7: Time histories of displacement at § = 1 for the first Danilovskaya problem in a quasi-static
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9.2.2 Accuracy study

A non-uniform discretization is now considered to demonstrate the accuracy of the present approach.
Largely, uniform discretizations are special cases where high accuracy can be obtained in meshfree
methods regardless of the quadrature technique (excluding pure nodal integration which is unstable).

Here, since DNI provides completely unstable results, while Gauss integration is prohibitively
expensive, only NSNI and VC techniques are considered.

Unlike in a uniform discretization, Figures [§ and [9] show that while pure NSNI can still provide
stable results, it fails to provide good accuracy. There are large errors in the solution of NSNI|
clearly observed in Figure The inaccuracy in the spatial distributions of the fields also manifest
in the time histories shown in Figures and On the other hand, VC-NSNI provides both
stability and high accuracy in the solution, in both spatial distributions and time histories. Thus,
nodally integrated RKPM using VC-NSNI is the best candidate for integration in thermoelasticity
considering all the methods tested, and VC-NSNI will be generally employed for the remainder of
the examples.
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Figure 8: Temperature change along 7 at ¢ = 2 for the first Danilovskaya problem in a quasi-static
nonuniform discretization and various methods.
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Figure 9: Displacement along 4 at ¢t = 2 for the first Danilovskaya problem in a quasi-static nonuni-
form discretization and various methods.
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Figure 10: Time histories of temperature change at § = 1 for the first Danilovskaya problem in a
quasi-static nonuniform discretization and various methods.
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Figure 11: Time histories of displacement at § = 1 for the first Danilovskaya problem in a quasi-static
nonuniform discretization and various methods.

9.2.3 Convergence study

To study the convergence of the solution under refinement of the nodal spacing Az, NSNI under
a uniform nodal distribution is selected since it provides both stable and accurate results in this
setting. Four NSNI discretizations of Az = 0.1,0.05,0.025, and 0.01 are selected, and the results are
shown in Figure Clearly, the error for both fields converge, in both the coupled and uncoupled
cases.

It can be seen that the displacements for both the coupled and uncoupled cases are not affected
much by the nodal spacing Ax, since high accuracy is already obtained under course discretizations.
For temperature change, both coupled and uncoupled cases are much more sensitive to Az. Thus
if temperature is of interest, it appears one must take care in the level of refinement necessary to
obtain an acceptable solution. Here we remark that while Az = 0.01 provides fairly acceptable
results, the previous results using Az = 0.001 obtained very high accuracy in VC-NSNI.
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Figure 12: Convergence study along 4 at ¢ = 2 for the first Danilovskaya problem in a quasi-static
uniform discretization with NSNI.
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9.3 Dynamic benchmarks

The next examples consider inertial dynamic terms, where the full equation is used to study
dynamic thermoelasticity. VC-NSNI is employed to test the accuracy and stability of the RKPM
solution.

9.3.1 First Danilovskaya problem: dynamic case

The first Danilovskaya problem has analytical solutions for the dynamic uncoupled case (6 = 0), but
not the coupled case (§ = 1). As such, results from the DMLPG method in [23], and FEM in [34]
are used for verification of the present VC-NSNI solution.

The time histories at § = 1 for the temperature change and displacement are shown in Figures
and respectively. For the uncoupled case, the RKPM solution matches well with the analytical
solution with almost no error. The dramatic shift in displacement at ¢ = 1 is well-captured, with no
oscillations despite the weak discontinuity in time. For the coupled case, the present method agrees
well with the reference numerical solutions from the literature. Moreover, RKPM can also capture
the transition point well in this case, more so than the other numerical methods.

0.771 0.71
@ Analytical solution: §=0 —VC-NSNI: =1
—VC-NSNI: 6=0 | O DMLPG: ¢=1
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(a) Uncoupled case, 6 = 0. (b) Coupled case, § = 1.

Figure 13: Temperature time history for the first Danilovskaya problem, dynamic.
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Figure 14: Displacement time history for the first Danilovskaya problem, dynamic.

Time histories for the stresses at § = 1 for the coupled and uncoupled cases are shown in
Figure[[5} To explain the discontinuous response: the suddenly applied temperature can be modeled
as a complementary error function, so the propagation of the stress wave is discontinuous. The
derivation of the stress wave front and jump discontinuity can be found in [58]. For the uncoupled
case, it can be seen that the solution matches well with the analytical solution, with no observable
oscillation. For the coupled case this is also true, yet here the other numerical methods do oscillate
in time across the discontinuity, and MLPG also smears the wave front.
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Figure 15: Stress time history for the first Danilovskaya problem, dynamic.

9.3.2 The second Danilovskaya problem

Next we consider a heat flux condition on the boundary § = 0, which is the second Danilovskaya
problem [19], an extended version of the first Danilovskaya problem. The boundary conditions are

c(0,t) =0
{kry ¢ b()T—TOO) (88)
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where b is the boundary-layer conductance and T, the ambient temperature. Based on [59], these
conditions can be expressed as:

4y, D) = m(1 —0(F,) on §=0 (89)
where .
___pr

T N2k (90)

A parameter of m = 0.5 is used in this study to select the free variable b. The temperature

difference and displacement at § = 1 are shown in Figure Both of the coupled and uncoupled
results obtained by VC-NSNI are in agreement with analytical solutions. Although the results
of temperature change are slightly smaller than analytical solutions after ¢ = 1.5, they still seem
acceptable since they match the general trend.
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Figure 16: Time histories for the second Danilovskaya problem.

9.3.3 The Sternberg and Chakravorty problem

The third benchmark considered uses a ramp-type heating, a more realistic boundary condition, on
the boundary § = 0, which is the Sternberg and Chakravorty problem [56]. The boundary conditions
are

(91)

We consider § = 0.25 and the coupled case with 6 = 1. Figure shows the time histories
of temperature change and displacement at § = 1 obtained from the proposed nodally integrated
RKPM technique, and analytical solution [46], where the results agree well. Similar to the previous
benchmark, there are small differences between numerical and analytical results for the temperature
difference after t = 1.5, yet the RKPM results are still close, and the trend agrees well.
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Figure 17: Time histories for the Sternberg and Chakravorty problem in the coupled case, § = 1.

10 Conclusions

In part I of this paper, a stable, efficient, and accurate nodally integrated RKPM formulation has
been developed for coupled and uncoupled thermoelasticity. It was first shown that nodal integration
is highly unstable, yielding oscillations in the solution orders of magnitude higher than in pure
elasticity. They grow seemingly unbounded and completely destroy the results. Thus it appears in
this problem, stabilization of nodal integration is absolutely necessary.

To eliminate the spurious low energy modes that cause the oscillations, the NSNI scheme has
been developed for the two-field problem. Analogous to the gradient expansion of the strain in solid
mechanics, stabilization is introduced into the temperature gradient for a two-field NSNI.

To improve the poor accuracy induced by nodal integration, VCI is introduced by first deriving
the variational consistency conditions for the two-field problem of thermoelasticity. Here it was found
that there are three integration constraints due to the two governing equations and the coupling
between them. This is in contrast to pure elasticity which has only one constraint. A uniform
correction was then proposed for the test function gradients.

The patch test, first and second Danilovskaya problems, and the Sternberg and Chakravorty
problem have been studied. The combined approach of VC-NSNI yields a stable, accurate and
efficient RKPM solution to the coupled and uncoupled static, quasi-static, and dynamic benchmark
problems. This was systematically shown through comparisons of RKPM results with analytical
solutions, and solutions using other existing numerical methods.

In the sequel, these methods will be extended to generalized thermoelasticity, which provides a
finite speed for the propagation of temperature, and thus a much less restrictive critical time step
in explicit calculations. In addition, these techniques are developed for hyperbolic thermoplasticity,
which also provides amenable conditions for explicit dynamics.
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